Abstract. We prove the following form of Dirichlet's theorem for polynomial rings in one indeterminate over a pseudo algebraically closed field F . For all relatively prime polynomials a(X), b(X) ∈ F [X] and for every sufficiently large integer n there exist infinitely many polynomials c(X) ∈ F [X] such that a(X) + b(X)c(X) is irreducible of degree n, provided that F has a separable extension of degree n.
Introduction
Dirichlet's classical theorem on primes in arithmetic progressions states that if a, b are relatively prime positive integers, then there are infinitely many c ∈ N such that a + bc is a prime number. Following a suggestion of Landau, Kornblum proved an analog of Dirichlet's theorem for the ring of polynomials F [X] over a finite field F [Kor19] . Later, Artin refined Kornblum's result and proved that if a(X), b(X) ∈ F [X] are relatively prime, then for every sufficiently large integer n there exists c(X) ∈ F [X] such that a(X) + b(X)c(X) is irreducible of degree n [Ros02, Theorem 4.8].
To avoid repetition, we shall say that Dirichlet's theorem holds for a polynomial ring F [X] and a set of positive integers N , if for any relatively prime polynomials a, b ∈ F [X] there exist n 0 > 0 and infinitely many c ∈ F [X] such that a + bc is irreducible of degree n, for any n ≥ n 0 in N .
Jarden raised the question of whether the Artin-Kornblum result can be generalized to other fields. Of course, if F is algebraically closed, then the polynomial a(X) + b(X)c(X) is reducible unless it is of degree 1. On the other hand, if F is Hilbertian, then there are infinitely many α ∈ F such that a(X) + b(X)α is irreducible in F [X]. To get irreducible polynomials of higher degree in this case, one may first choose c(X) ∈ F [X] relatively prime to a(X) and of high degree, and then find α ∈ F for which a(X) + b(X)c(X)α is irreducible over F .
Artin's proof of the result quoted in the first paragraph is based on a weak form of Weil's theorem on the Riemann hypothesis for absolutely irreducible curves over finite fields. The theorem roughly states that if a finite field F is large compared to the coefficients of the equations defining the curve, then the curve has F -rational points. This makes it plausible that for infinite fields F with the latter property the ring F [X] should satisfy Dirichlet's theorem. Such fields are called PAC (Pseudo Algebraically Closed). Explicitly, a field F is PAC if every nonempty absolutely irreducible variety defined over F has an F -rational point. (See [FJ05, Chapter 11] for a comprehensive discussion of PAC fields and [FJ05, Theorem 18.6 .1] for an abundance of algebraic extensions of countable Hilbertian fields which are PAC).
Of course, if F is algebraically closed, then it is PAC, but, as pointed out above, Dirichlet's theorem does not hold for F [X] (for any infinite N ). Let N (F ) be the set of all positive integers n such that F has a separable extension of degree n. Our main result asserts that Dirichlet's theorem holds for N (F ):
Theorem A. Let F be a PAC field. Then Dirichlet's theorem holds for F [X] and N (F ).
The proof of Theorem A uses a weak form of Hilbert's Irreducibility Theorem that PAC fields satisfy and then argues as in the third paragraph. Roquette was the first to observe that a PAC field which has a rich Galois structure (namely, is ω-free) is Hilbertian [FJ05, Corollary 27.3.3].
We elaborate Roquette's approach and show in Corollary 1.4 that if F is PAC, f ∈ F [X, Y ] is irreducible, and the splitting field of f (X, Y ) over F (Y ) is regular over F , then, under some necessary assumptions, there are infinitely many specializations Y → α ∈ F for which f (X, α) remains irreducible over F .
Note that in order to get an irreducible specialization for a polynomial f (X, Y ) Roquette finds a specialization that preserve the Galois group Gal(f (X, Y ), F (Y )). Therefore it is somewhat unexpected that we can find an irreducible specialization even if Gal(f (X, Y ), F (Y )) does not occur as Galois group over F .
As a preparation to the use of Corollary 1.4, we prove a result over an arbitrary infinite field which is interesting for its own sake:
Proposition B. Let F be an infinite field with an algebraic closureF and let a(X), b(X) ∈ F [X] be relatively prime polynomials. Then for every sufficiently large positive integer n there exists c(
Finally, note that each infinite algebraic extension F of a finite field K is PAC [FJ05, Corollary 11.2.4]. By Theorem A, Dirichlet's theorem holds for F [X] and N (F ). This result already follows from a quantitative form of the result of ArtinKornblum. Nevertheless, our proof has the advantage that the constructions are essentially explicit: The polynomial c(X) in Theorem A equals to the polynomial c(X) appearing in Proposition B times some factor, say α, coming from the PACness property. The construction in Proposition B is explicit as it uses nothing but the Euclidean algorithm.
Notation. Throughout this paper we denote by F an infinite field, by F [X] and F [X, Y ] the polynomial rings over F in one and two variables, respectively, and byF a fixed algebraic closure of F . As mentioned earlier N (F ) denotes the set of all positive integers such that F has a separable extension of degree n. If we have a Galois extension, say K/F , then Gal(K/F ) denotes its Galois group. The absolute Galois group of F is denoted by Gal(F ), i.e., Gal(F ) = Aut(F /F ). For a polynomial a ∈ F [X] we write a ′ for its derivative. Finally, we abbreviate and say "for large n" instead of "(∃n 0 ∈ N)(∀n > n 0 )." Acknowledgment: I would like to thank Moshe Jarden for raising the question that initiated this work and for many helpful suggestions and to Peter Müller for his help in the second chapter. I would also like to thank Dan Haran, Joseph Bernstein, and Sasha Sodin. I gratefully thank the anonymous referee for his valuable comments which improved this work. Special thanks are directed to my friends Dubi Kelmer and Ilya Surding and to my wife Hamutal for carefully reading the manuscript.
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Field crossing argument
Let K be a finitely generated regular extension of a field M . Suppose we have finite Galois extensions E/K and N/M , E regular over K, together with an embedding γ : A → G, where A = Gal(N/M ) and
The famous field crossing argument uses γ to "twist" E/K to D/K, where D is the fixed field of ∆ in EN . Let ψ be an unramified M -place of D of degree 1 over K. Extend it to an N -place of DN = N E. Its restriction to E is an unramified M -place ϕ of E over K, with decomposition group γ(A) and residue field N [FJ05, proof of Lemma 24.1.1]. Moreover, the canonical homomorphism ϕ * : A → G defined by ϕ is exactly γ [FHJ84, Remark on page 9].
Next assume that N and E are the Galois closures of some separable extensions N ′ /M and E ′ /K, respectively, of degree n. Let A ′ = Gal(N/N ′ ) and G ′ = Gal(E/E ′ ) be their respective Galois groups and let Σ = A/A ′ and Θ = G/G ′ be the corresponding sets of left cosets. Then |Σ| = |Θ| = n and A and G act naturally (by left multiplication) on Σ and Θ, respectively. A key observation is that if the above embedding γ respects this extra structure (i.e., there exists an injection, and hence bijection, γ * : Σ → Θ such that γ(a)γ * (σ) = γ * (aσ), for all a ∈ A, σ ∈ Σ, or, in other words, γ : (A, Σ) → (G, Θ) is an embedding of permutation groups), then a stronger conclusion holds: Lemma 1.1. In the notation and under the assumptions above, any M -place ϕ of E for which ϕ * = γ restricts to an M -place ϕ ′ of degree n of E ′ , unramified over K with residue field N ′ .
Proof. Viewing A ′ as an element in Σ we have γ
Without loss of generality we may assume that g = 1, that is γ
. Let E ′′ be the decomposition field of ψ, i.e., the fixed field of γ(A).
. Therefore the residue field of E ′ E ′′ under ϕ is N ′ , and hence, so is the residue field of E ′ . In particular, the degree of
In what follows we shall apply the previous lemma to get a weak form of Hilbert's Irreducibility Theorem for PAC fields and, more generally, for fields which have a PAC extension.
A 
Examples.
i. Every absolutely irreducible polynomial f (X, Y ) which is Galois over F (Y ) is X-stable over F .
ii. Every polynomial f (X, Y ) of degree n in X with symmetric Galois group S n overF (Y ) is X-stable. iii. (Jarden) If an absolutely irreducible polynomial f (X, Y ) has a simple Galois group G over F (Y ), then f is X-stable over F (since the Galois group of f (X, Y ) overF (Y ) is a nontrivial normal subgroup of G). iv. [MM99] contains many explicit stable polynomials over Q (and hence over any field of characteristic zero), e.g., f (X, Y ) = X n − Y (nX − n + 1) is X-stable with symmetric Galois group over Q(Y ) [MM99, Theorem 9.4].
A field extension M/F is said to be a PAC extension if for every nonempty variety V of dimension r defined over M and for every dominating separable rational map ϕ : 
The following proposition establishes a weak form of Hilbert's Irreducibility Theorem for stable polynomials over a field which has a PAC extension. 
, then there exist infinitely many α ∈ F for which f (X, α) is irreducible over M . Moreover, N ′ is generated by a root of f (X, α) over M .
Remark 1.3. The assumption on γ is necessary. Indeed, Gal(N/M ) is isomorphic as a permutation group to Gal(f (X, α), M ) which is a subgroup of Gal(f (X, Y ), M (Y )) (for all but a finite number of α's).
The field crossing argument gives a field extension D/K, regular over M , with the property that any M -place ψ of degree 1 of D, unramified over K, yields an M -place ϕ of E for which ϕ * = γ. Now by Lemma 1.1 such ϕ restricts to an M -place ϕ ′ of degree n of E ′ , unramified over K over the same place of K with residue field N ′ . As M/F is PAC, there exist infinitely many M -places ϕ of D of degree 1 unramified over K such that α = ϕ(Y ) ∈ F . Then the corresponding place ϕ ′ of E ′ has residue field N ′ . But the residue field of E ′ is generated by a root of f (X, α), so f (X, α) is irreducible.
The last result of this section deals with the special case where the Galois group of the stable polynomial is the symmetric group. In this case the condition on γ is redundant.
be a polynomial of degree n in X, and let N/M be a separable extension of degree n. Assume that the Galois group of f (X, Y ) overM (Y ) is S n . Then there exist infinitely many α ∈ F for which f (X, α) is irreducible over M and N is generated by a root of f (X, α) over M .
Polynomials over infinite fields
2.1. Technical background and basic tools. The following result is a special case of Gauss' Lemma. 
Here h i,1 is relatively prime to b i , since a and p i are. Taking (1) with i = 2 and (2) with i = 1 modulo p 2 , we get
Therefore h 1,1 is relatively prime to p 2 , since bp 1 c 2 is (by (1) with i = 2). Similarly, h 2,1 is relatively prime to p 1 . Take c =c + p 1 p 2 s for some
To conclude the proof it suffices to find s ∈ F [X] such that h 1 and h 2 are separable, gcd(h i , ap i ) = 1, and deg c = n. Choose s ∈ F [X] for which deg s = n − (deg p 1 + deg p 2 ) ≥ 1, (bp i s) ′ = 0, and gcd(s, h i,1 ) = 1 for i = 1, 2 (e.g., s(X) = (X − β) n−1 (X − γ), where β, γ ∈ F are not roots of h 1,1 h 2,1 bp 1 p 2 .) By Lemma 2.2 with h i,1 , bp 3−i s, ap i (for i = 1, 2) we get a finite set S ⊆ F such that for each α ∈ F S the polynomial h i,1 − αbp 3−i s is separable and relatively prime to ap i . Replace s with αs, for some α = 0 for which α i α ∈ F S, if necessary, to assume that α 1 , α 2 ∈ F S. This s has all the required properties.
The next lemma gives a criterion, which we shall use to prove Proposition B, for a transitive group to be primitive, and further, to be the symmetric group (cf. [Ser92, Lemma 4.4.3]).
Lemma 2.4. Let A ≤ S n be a transitive group and let e be a positive integer in the segment n 2 < e < n such that gcd(e, n) = 1. Then, if A contains an e-cycle, it is primitive. Moreover, if A also contains a transposition, then A = S n .
Proof. Let ∆ = {1, . . . , n} be a block of A. We have |∆| ≤ n 2 , since |∆| | n. For the first assertion, it suffices to show that |∆| = 1, and since gcd(e, n) = 1, it even suffices to prove that |∆| | e. Without loss of generality assume that σ = (1 2 · · · e) ∈ A and 1 ∈ ∆. Then {1, . . . , e} ⊆ ∆, since e > n 2 ≥ |∆|. Hence ∆ = σ∆ which implies that ∆ ∩ σ∆ = ∅. As σ(x) = x for any n ≥ x > e, we have ∆ ⊆ {1, . . . , e}. Consequently, ∆ is a block of σ , so |∆| | e.
The second assertion follows since a primitive group containing a transposition is the symmetric group [DM96, Theorem 3.3A].
The following number-theoretic lemma will be needed later.
Lemma 2.5. For any prime p and positive integers n, m satisfying n ≥ 2m + log n(1 + o(1)), there exists an integer e in the segment n 2 < e < n − m such that gcd(e, np) = 1.
Proof. Let e be n 2 + 2, if n is even but not divisible by 4,
if n is odd.
Then e is the first integer greater than n 2 for which gcd(e, n) = 1. If p ∤ e, we are done (and we only need n > 2m + 4). Next assume that p | e (and hence p ∤ n). Firstly, if n is even but not divisible by 4, then the next candidate e ′ = e + 2 works, since gcd(e ′ , n) = 1 and p ∤ e ′ . (Otherwise, p divides e ′ − e = 2, hence e is even, a contradiction.) Next, if n is divisible by 4, then the first relatively prime to n integer greater than e is e ′ = n 2 + q, where q is the smallest prime not dividing n. Had p | e ′ , we would have p | (e ′ − e) = q − 1. In particular, p < q, and hence p | n by minimality of q, a contradiction. Finally, if n is odd the same argument will show that e ′ = n+q 2 is relatively prime to np, where now q is the smallest odd prime not dividing n (if p = 2 we have to take q ≡ n (mod 4)).
It remains to evaluate q which is a standard exercise in number theory: Let ω(n) be the number of distinct prime divisors of n. Then q is no more than the ω(n) + 2 prime number. Since the k-th prime equals to k log k(1 + o(1)) and
[MV07, Theorem 2.10], we have q ≤ ω(n) log(ω(n))(1 + o(1)) = log n(1 + o(1)).
Note that for n = 4 2<l<q l (i.e., 4 times the product of all the odd prime numbers less than q) the inequality is in fact equality. Thus the estimation n > 2m + log(n)(1 + o(1)) is the best possible.
The following result is very well known, however, for the sake of completeness, we give a proof. Proposition 2.6. Let F be an algebraically closed field of characteristic l ≥ 0. Let E/K be a separable extension of degree n of algebraic function fields of one variable over F . Assume that a prime divisor p on K decomposes as
on E. If l > 0, assume further that gcd(e i , l) = 1, for i = 1, . . . , r. Then the Galois group of the Galois closure of E/K (as a subgroup of S n ) contains an element of cyclic type (e 1 , . . . , e r ). Moreover, the result holds even if l = e r = 2 (we still assume that gcd(e i , 2) = 1 for i = 1, . . . , r − 1).
Proof. The completionK of K at p is a field of Laurent series over F [Ser79, Theorem 2], sayK = F ((Y )). Let x be a primitive element of E/K, integral at p and let f be its irreducible polynomial over K. Then f factors over F ((Y )) into a product of separable irreducible polynomials f = f 1 · · · f r such that deg f i = e i for each i = 1, . . . , r [Ser79, II §3].
If either l = 0, or l > 0 and gcd(e i , l) = 1, then F ((Y )) has a unique extension of degree e i , namely
We thus get that the splitting field of f over
, where e = lcm(e 1 , . . . , e r ), unless l = e r = 2 and then the splitting field of f is the compositum of F ((Y 1/e ′ )) with an extension of degree 2, where e ′ = lcm(e 1 , . . . , e r−1 ). In both cases the Galois group of f over F ((Y )) is cyclic of order e. Its generator σ acts cyclicly on the roots of each of the f i 's. Consequently, the cyclic type of σ is (e 1 , . . . , e r ), as required.
, and let α ∈ F such that a n + b n α = 0. Then the decomposition of p = (Y − α) on E corresponds to the factorization of f (X, α) over F .
we have that S is a localization of the polynomial ring F [X] at −b(X)a −1 (X) and at a n − b n a(X)b −1 (X). Hence S is integrally closed [AM69, Proposition 5.12], and the assertion follows from [Ser79, I §4 Proposition 10].
Proof of Proposition
Lemma 2.5 with m = max{deg a(X), 2 + deg b(X)} and p = char(F ) gives (for n > 2m + log n(1 + o(1))) a positive integer e such that n − m > e > n 2 (in particular, e > m),
gcd(e, np) = 1 (or gcd(e, n) = 1, if p = 0). (4) Let α 1 = α 2 and γ 1 = γ 2 be elements of F such that α i is nonzero and γ i is not a root of a(X)b(X), i = 1, 2. In Lemma 2.3 we constructed (for a, b, p 1 = (X − γ 1 ) e , p 2 = (X − γ 2 ) 2 , α 1 , and α 2 ) a polynomial c(X) ∈ F [X] of degree deg c = n − deg b(X) which is relatively prime to a(X) such that
Here h 1 (X), h 2 (X) ∈ F [X] are separable polynomials which are relatively prime to (X − γ 1 )a(X), (X − γ 2 )a(X), respectively. In particular gcd(a, c) = 1, and hence f (X, c(X)Y ) is irreducible (Lemma 2.1). By Examples (PAC fields which have separable extensions of arbitrary degrees). Let M be a PAC field. If M is Hilbertian or more generally RG-Hilbertian (i.e., M has the irreducible specialization property for regular Galois extensions), then every finite group occurs as a Galois group over M [FV92] . In particular, N (M ) = Z + (where Z + denotes the set of all positive integers). In general, n ∈ N (M ) if and only if some Galois group over M has a subgroup of index n. For example, if a cyclic group of order n (or alternatively the symmetric group of degree n) occurs as a Galois group over M , then n ∈ N (M ). In particular, if Gal(M ) is a finitely generated free profinite group (and hence M is "far" from being Hilbertian), then N (M ) = Z + .
The succeeding result asserts that for a PAC field M , the set N (M ) is finite only if M = M s , where M s is a fixed separable closure of M . A profinite group is compact, hence it is equipped with a normalized Haar measure (see [FJ05, Chapter 18] ). In particular, if K is a field and e is a positive integer, then Gal(K) e is equipped with a normalized Haar measure. Let σ = (σ 1 , . . . ,σ e ) ∈ Gal(K) e be an e-tuple of Galois automorphisms. Then σ denotes the subgroup generated by σ 1 , . . . ,σ e and K s (σ) denotes the fixed field of σ in a fixed separable closure K s of K. The phrase "for almost all" means "for all but a set of measure zero."
Clearly (and uninteresting for us), a separably closed field is PAC extension of any infinite subfield of it. In [JR94] , Razon and Jarden prove the following:
(1) Let K be a countable Hilbertian field and let e ≥ 1. Then K s (σ)/K is PAC (as an extension) for almost all σ ∈ Gal(K) e . (2) Let L/K be a PAC extension and let F/K be an algebraic extension. Then F L/F is a PAC extension.
So far these are all the known PAC extensions. We shall use these properties to construct some explicit PAC extensions M/F (for non-Hilbertian F ). Before doing that, we emphasize that there are restrictions on a field extension to be PAC, e.g., it is known that no Galois extension of a finitely generated field (except for the separable closure) is PAC [BSJ] . In particular, since there is a Galois extension M of Q such that M is a PAC field [FJ05, Theorem 18.10.2], we get that for an extension M/F to be PAC (as an extension) it does not suffice that M is PAC (as a field). Given a countably Hilbertian field K, (1) and (2) yield abundance of separable extensions F/K such that Dirichlet's theorem holds for F [X] (and some infinite set N which we omit from now on):
Corollary 3.5. Let K be a countable Hilbertian field and let F/K be a separable algebraic extension. Assume that the set {σ ∈ Gal(K) e | F K s (σ) = K s } has a positive measure for some positive integer e. Then, Dirichlet's theorem holds for F [X].
Proof. By the assumption, (1), and (2) we get that there is σ (actually a positive measure set of σ's) for which the extension F K s (σ)/F is PAC and F K s (σ) = K s . Therefore Lemma 3.4 and Theorem 3.1 imply the assertion.
For almost all σ ∈ Gal(K) e the group σ is isomorphic to the free profinite group on e generators [FJ05, Theorem 18.5.6]. Also, by Galois correspondence, if F/K is Galois and F K s (σ) = K s , then σ is isomorphic to a subgroup of Gal(F/K). Therefore we have Corollary 3.6. Let K be a countable Hilbertian field, let e ≥ 1, let F/K be a Galois extension, and assume that Gal(F/K) does not have a free subgroup of rank e. Then Dirichlet's theorem holds for F [X].
In particular, since a pro-solvable group cannot have a noncyclic free profinite group as a subgroup, we get Corollary 3.7. Let F be a pro-solvable extension of a countable Hilbertian field K. Then Dirichlet's theorem holds for F [X].
In light of the above corollaries we suggest two open problems:
Problem 3.8. Let K be a Hilbertian field. Classify all separable algebraic extensions F of K such that the measure of {σ ∈ Gal(K) e | F K s (σ) = K s } is positive for some positive integer e.
Problem 3.9. Let K be a Hilbertian field. Classify extensions F of K which have a PAC extension which is not separably closed.
Remark 3.10. There are fields which do not have any separable extension which is PAC, other than the separable closure, e.g. C, R, Q p . In general, if a field is henselian, then it has no separable extension which is a PAC field other than the separable closure [FJ05, Corollary 11.5.5]. Note that over C or over R Dirichlet's theorem obviously does not hold, since every polynomial of degree greater than two is reducible.
